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Abstract

The main goal of presented work is to give detailed derivation and description of Euler-Urmajev system of equations as a system of differential equations of map projection in the most general expression. In the report will be explained the principle of equation system derivation, followed by its possible applications as well as its usage in the field of mathematical cartography. Those fields may be: optimalization of cartographical projections from the view-point of deformations, suggestion of possible sorting of all map projections, genetic classification of map projections and suggestion of process of derivation new map projections based on requirements of projection properties and desired behavior of deformations. Some interesting relations between first fundamental form coefficients and distortion expression will be shown. 
Keywords: Euler-Urmajev system of equations, map projections, behavior of deformations, Gaussian coefficients of firs fundamental form. 
1 Introduction
Euler-Urmajev system of partial differential equations was researched mainly by Russians cartographers Urmajev and Mescerjakov. In the second half of the last century they started to study so-called general theory of mathematical cartography. Limitless possibilities of new map projections derivation without any limiting requirements (ease of graticule construction, distortion conditions) were turned out. 

Recent world of computer technologies offer even more applicable and efficient possibilities even in the field of mathematical cartography. The most of the known map projections derived in former times were often considerably limited by then actual computed options. Many times we meet simple map projections (with easy construction) however unusable in geodetic and cartographic practice.
In the Czech Republic an excellent cartographer docent Pyšek was engaged in mathematical cartography and as the first cartographer in the Czech Republic explained the theory of general approach of mathematical cartography. However his precocious death in 1995 let his work unfinished.

2 Euler-Urmajev system of equations
Fundamental system of equations in the theory of map projections known as Euler-Urmajev system of equations, solves so-called reversed problem of mathematical cartography. The main problem is to find a functions f, g (or x, y) of equations (1) on the base of behavior of deformations requirement without any simplifying conditions (i.e. conformity, equal-area projection, etc.). It is a map projection problem in the most general form.
Let us consider a general form of equations that provides map projection 
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where x, y are rectangular planar coordinates of the point given by geographic coordinates u, v on the reference surface (concretely marked [(; (] on the ellipsoid or [U; V] on the sphere). We are trying to find form of functions f, g. 

2.1 Euler-Urmajev system of equations derivation
To Euler-Urmajev system of equations derivation is needed to know general form of formulas for cartographic distortions calculation. We will show derivation of system which relate four projection characteristics: mp, mr, (p, (r (linear distortion m and parallel and meridian tangent line direction () in the concrete. These characteristics can be expressed in the following form:
· linear distortion along meridian mp and along parallel mr
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· direction for meridian tangent line (p and for parallel tangent line (r
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Next let’s express one of the partial derivations (of functions f or g) in eq. (3) and establish this one to eq. (2). We can derivate all four forms for particular first partial derivations in this way. 
Therefore
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While distortions condition are selected, second mixed partial derivation equality requirement (8) must be observed (it does not matter on the derivation order): 
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The solution of the equation (8) is so-called Euler-Urmajev system of equation. This system combine four of on each other independent map projection characteristics mp, mr, (p, (r, metric form coefficients and their partial derivative.

The above relations can be modified and simplified if we consider only such a map projections which provide projection of reference sphere or spheroid onto plane. 
The following signification of geographic coordinates
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The determination of the exact form
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 still remains. It’s known that display surface is always the plane that means
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( sphere: 
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Then first partial derivative of the function f, g will be exactly (for the reference sphere or spheroid) in the form
Sphere:                                                     Spheroid: 


[image: image22.wmf]r

r

v

p

p

U

r

r

v

p

p

U

m

U

R

g

m

R

g

m

U

R

f

m

R

f

m

m

m

m

sin

cos

sin

cos

cos

cos

×

×

×

=

×

×

=

×

×

×

=

×

×

=

                      
[image: image23.wmf]r

r

p

p

r

r

p

p

m

N

g

m

M

g

m

N

f

m

M

f

m

j

m

m

j

m

l

j

l

j

sin

cos

sin

cos

cos

cos

×

×

×

=

×

×

=

×

×

×

=

×

×

=

                        (9)
The second partial derivative of the function f, g will be
Sphere:
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Spheroid:
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By substitution eq. (10) or (11) in an equation (8) we derive solution – system of two partial differential equations. 

By considering of relations 
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 in the case of spheroid the system of equations then will be

Sphere:
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Spheroid:

  
[image: image29.wmf]j

j

l

l

j

j

l

l

m

m

m

m

m

m

m

m

m

m

m

m

m

m

j

j

r

r

r

r

r

r

r

p

p

p

p

p

r

r

r

r

r

r

r

p

p

p

p

p

m

r

m

r

m

r

m

M

m

M

m

r

m

r

m

r

m

M

m

M

×

×

×

-

×

×

+

×

×

=

×

×

×

-

×

×

×

×

×

-

×

×

+

×

×

=

×

×

×

-

×

×

cos

sin

sin

cos

sin

sin

cos

cos

sin

cos

 

(13)
The system combines four on each other independent map projection characteristics mp, mr, (p, (r, metric form coefficients and their partial derivative in this case. 

As preferable to this case is using another combination of the coefficients when the map projection equations are derived. This quaternion of characteristics is mp, mr, (, (, where ( is distortion of an angle (that contain the image of meridian and parallel), ( denotes convergence of meridians. The following relations and substitutions hold:
Sphere:                                                     Spheroid: 
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It can be easily demonstrated that by considering the relations (14) and the equations system (12) or (13) can be obtained the other system form which is
Sphere:
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Spheroid:


[image: image33.wmf]0

sin

sin

cos

cos

0

cos

cos

sin

sin

=

×

×

×

+

×

×

×

-

×

×

+

×

×

+

×

×

=

×

×

×

-

×

×

×

+

×

×

+

×

×

+

×

q

g

q

q

q

q

g

q

g

q

q

q

q

j

j

j

l

j

j

j

j

j

l

r

r

r

r

p

r

r

r

r

p

m

r

m

r

m

r

m

r

m

M

m

r

m

r

m

r

m

r

m

M

    (16)
Equation system (15) or (16), so-called Euler-Urmajev system of equations has the crucial importance when the arbitrary map projections are being solved. Let’s repeat that we discuss the system of two partial differential equations which combine the four characteristics of finite map projection. For single-valued system solution is necessary to determine system by two other conditions. Then
· determination by one characteristic conditions: 
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Altogether there are 
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 possible determination conditions of the equation system (15) or (16).
2.2 First fundamental form

Let’s consider first fundamental form
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All distortions can be expressed using Gaussian coefficients in the following form (considering projection of the sphere onto a plane)

· linear distortion along meridian mp and along parallel mr
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· distortion of an angle (that contain the image of meridian and parallel)


[image: image43.wmf]F

F

EG

2

tg

-

=

J

,

· distortion of area


[image: image44.wmf]U

R

F

EG

P

cos

2

2

×

-

=

.

System of equations (15) or (16) can be derived as the functions of the Gaussian coefficients likewise.  

2.3 Euler-Urmajev system applications
Using Euler-Urmajev system of equations we can obtain the most general method to solve quite a number of optimal and advantage map projections despite of computational procedure complexity. Nowadays, in the time of modern information technology, these methods are not as limited as in past.

Basic senses of Euler-Urmajev system of equations are for example in 

· general approach to map projection derivation,

Let’s shown this approach idea for the “elementary”, orthogonal projections (considering projection of the sphere onto a plane):

Additional conditions to determine system (15) are:

· orthogonality → 
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· distortions are the geographical latitude functions → 
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After these conditions application we receive only one differential equation
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where n depend on the type of projection – for conic 
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· derivation of the most advantageous map projection in term of cartographic distortion, 

· genetic classification of map projections, etc.
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The mail goal of this report was to show the detailed process of obtaining the Euler-Urmajev system of equations which can be called the main equations system in the theory of map projections derivation. Mathematical cartography receives the strong tool by applying this system in the manifold branches. The map projections derivation and properties investigation shouldn’t be so complicated.
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